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UNIT 3 INTEGRATION

Structure

3.0 Introduction

3.1  Objectives

3.2  Basic Integration Rules

3.3 Integration by Substitution

3.4 Integration of Rational Functions
3.5 Integration by Parts

3.6 Answers to Check Your Progress

3.7  Summary

3.0 INTRODUCTION

In Unit 1, we were primarily concerned with the problem of finding the
derivative of given function. In this unit, we take up the inverse problem, that
of finding the original function when we are given the derivative of a function.
For instance, we are interested in finding the function F if we know that F"(x) =
4x® . From our knowledge of derivative, we can say that

F(x) = x* because— [x*] = 4x3

@) use——[x*]

We call the function F an antiderivative of F or F(x) is an antiderivative of f.
Note that antiderivative of a function is not unique. For instance, x*+1, x*+23 are
also antiderivatives of 4x*. In general, if f(x) is an antiderivative of f (x), then
F(x) + ¢, where C is an arbitrary constant is also an antiderivative of f.

3.1 OBJECTIVES

After studying this Unit, you should able to:

define antiderivative of a function;

use table of integration to obtain antiderivative of some simple functions;

use substitution to integrate a function; and

use formula for integration by parts.



Integration

3.2 BASIC INTEGRATION RULES

If F(x) is an antiderivative of f(x) we write

jf (x)dx =F(x)+C «—— Constant of Integration

\T)Variable of Integration

Integrand

We read [ f(x)dx is the antiderivative of f with respect to x. The differential dx
serves to identify x as the variable of integration. The term indefinite integral
is a synonym for antiderivative.

Note that
fF’(x)dx =F(x)+c¢ and

=|[ o] = s

In this sense the integration is the inverse of the differentiation and
differentiation is the inverse of integration.

We use the above observations to obtain the following basic rules of integration.

Basic Integration Rules

Table
Differentiation Formula Integration Formula

1. i k =0 1. J‘O dx =k

dx
2, i[x”]znx”’l 2. _[x” dx=ix“+1+c,n¢—l

dx n+1

d 1 1
3. i I — I —_ =

- n|x| . 3. Ix dx=In|x|+¢c
Al YRR 4, _[exdx=ex+c

dx

d a
5. l X — XI X —

L lat]=a‘ina 5. Jadk=——a>0az1
6. % Kf (x) = kf '(x) 6. jkf (X) =kff(X)+C
- dg F(0+9(X) 7. [tk [f(0+c=

X

~ (0% 9(x) J £ (e [g(x)dx
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Calculus The general pattern of integration is as follows:

Given integral

A
Rewrite

v
Integrate

A

Simplify

IHlustration

2latet
x*  x? x X

1
= 3fx‘4dx + ZJx‘de — 4f;dx [Rewrite]
3x—4~+1 x—2+1
=111 + 1 4ln|x| + ¢ [Integrate]
__ 1.z x| + Simpli
= -3 nlx| + ¢ [Simplify]
Solved Examples
Example 1: Evalutate
j(2x1/2 + 3xY/3 — 4x/*) dx
Solution :
j(le/Z + 3x1/3 — 4x1/*) dx
1 1 L
F 2fx2dx+ 3fx3dx—4fx4dx [Rewrite]
x%“ x%“ x%+1
=2 1 +3 1 —4 1 +c [Integrate]
> +1 3 +1 ) +1
4 %_}_9% 16 %+ [Simplify]
=3x2+ 7x Xt c implify
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Example 2 : Evalutate Integration

4 4173 2
f—(\/x_ * ) dx
X
Solution :

=

= f%[(\/})z + 2(\/5)(95) + (x%)zl dx

2
J. [x+2x2 3+ x3]dx

5 2
N f [1 + 2x6 1 + x§‘1] dx
= f[l + 2x~ Yo + x71/3]dx

1 1
Zx——g‘l‘l x—§+1
= x+ +
1 1
(gt (=3+1D

+ c

12 3
T3 X+?x5/6+ 2x2/3+ c

Example 3: Evalaute

2% + 3%
j dx

[T a = [ (k) o
SiERENE

_ (%s) .\ (3s) s
n(%s) (%)

Solution:
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Calculus Example 4 : Evaluate

(a* + b¥)?
—pr dx

Solution We have

(a* + b¥)? (@®)? + (b¥)? + 2a*b*
axb* - a*bx

(ax)z (bx)z Zaxbx
- a*b*  a*b* a*b*

a* b*
=— F+—+2
X

- () + () +2
< atbix)z f [ 2] dx
(&) (Q)x

= +

o @)

+2x+c

Example 5 : Evaluate

f(ealnx + exlna ) dx

Solution : We know that

ealnx = x@
and e¥" = x¢

Thus,f(eamx + e¥na)) dx

= f(xa + a¥)dx

xa+1 ax

= + + C
a+1 Ilna
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Check Your Progress — 1

Integrate the following functions.

1. x3+ 2% 2. x€ + e*

3. (Vx +x2)/x? 4. (2% + 3%)%/5%

5. 3 + x7 — 2/x* 6. (3*+ 5%)/7*

Answers
1 2x xe+1

1. —x*+—=+ 2. + e* +
2 T2 TC %'k B

3. Injx|+ x + 4x/% +¢

X

a1 N 1 T 1
(§) In(4/5) (E) nys O et e

5. S LEL2 0 6 (3)x ! +(5)x LI
3T 8 33T Y 7@ 7 meny T e

3.3 INTEGRATION BY SUBSTITUTION

If the integrand is of the form ff(g(x))g’(x)dx, we can integrate it by substituting
g(x) =t. We illustrate the technique in the following illustration.

Illustration: Integrate e*(e* + 2)7 To integrate this function, we put

e*+ 2=t e*dx =dt
Thus,

jex(ex+ 2)dx = jt7 dt

1
= —t8
3 +c
1
= —(e*+2)%+ ¢
8
Solved Examples
Example 6 : Evaluate
f\/7x -2 dx

Solution : To evaluate this integral,

We put 7x — 2 = t?

Integration

77



Calculus 2
= 7dx = 2tdt or dx = 7 tdt

2 2
J\/7x—2dx =f\/§7tdt=7jt2dt
2/1 2
_cN s, % s
7<3)t te=o B4
=i(7x—2)3/2+c
21

Example 7 : Evaluate
sz V5x — 3 dx

Solution : In this case, again, we put

5x — 3 =t? = 5dx = 2tdt

-d _2 tdt
e x_5

1
Also,x = T (t? +3)
Thus,

1 2
fo\/Sx—de= gf(t2+ 3)\/§§tdt
=£f(t2+ 3)t*dt
25

2
— __ (+4 2
—25(1: + 3t%)dt

_2(1,, 38,
~25\5 3 ¢

= L(t5+ 5t3) + ¢
125

=5 [(5x —3)5/2 4+ 5(5x —3)%2] + ¢

Example 8 : Evaluate

1=f(3xd+2)2
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Solution : Put3x—2=t= 3dx = dt, so that Integration

1 (dt 1
== =—jt‘2dt

3) 2 3
1 t_2+1 1
=§j_2+1+c=—§+c
1
T T3@x-2 ¢

Example 9: Evaluate
J-(x + 1) e*(xe* + 3)*dx

Solution : Putxe*+3 =t

=>xXe*+e¥)dx =dt
or x+1)e*dx =dt

Thus,

f(x + 1)e* (xe* + 3)*dx

1 1
=f1:4 dt = §t5+ c =§(xex+ 3)°+c

Example 10 : Evaluate the integral

dx

j 2e* + 3e7*
3eX+ 4e>

Solution : Remark To evaluate an integral of

ae* + be™™*
f dx

ceX*+ de*

We write

Numerator = o (Denominator) + f ;—x (Denominator)

and obtain values of a and B, by equating coefficients of e* and e™™

In the present case, we write
2e*+ 3e*=q(3e* + 4e_x)+[3:—x(39"— 4 %)

= 2e*+ 3e*=a@Be*+ 4e*)+PBe*— 4e7™) £



Calculus
2=3a +3P
and 3=40 -4
= a+p=23ando—-pB=¥%

Adding, we obtain

Equating coefficients of e* and e ™, we obtain

Jo_ 2,3 17
a = 3 4 or & = 24
2 2171
b=z -a=3-32= 7%
Thus,

Se7— 4o (35) Be* +4e7*) + (= 5p)(3e* — 4e~)
— _dx = d
,[Bex+ 4e=x X _[ 3e* + 4e~* v

—<17)fd (1)}36x—4e‘xd
—“\22)] Y T\21) ) 3er + dex M
17 1
X T g
- f _]Zex+ 3e™™ P
‘Y E B 3e* + 4e—* X

Put 3e*+ 4e7™ =t

= (3e* + 4e ™ )dx = dt

dt

=In (3e* + 4e7¥).

Hence, j

Check Your Progress — 2
Evaluate the following integrals.

L

X
x+1

dx

3 f 4x —7 d
' 2xt—7x+82
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2e* + 3e7*
3eX + 4e~%

d—17 1l(3"+4"‘)+
x—24x—24n e e c
3x
fe3x+4dx
4. jx\/x+1dx



dx
5. NG 6. j 2475% dx
x+x
fex + 3e7% 4 f f x3
2ex tex ' 2 —1
Answers

2 3
1. §(x+1)§— 2Vx+1 +c¢

2. gln(e“ +4)+ ¢

-1
(2x? — 7x + 8)2 i3

R 5 2 3
4., g(x+1)2—§ (x+1z+ ¢

5 2In(vx+ 1) +c

. _ 24—5x

6 Sz te

7 > +7l 2e* - e7*| +
. 4x 4n|e—e | + ¢

1 3
8. §(x2—1)2+ x2—-1+ ¢

3.4 INTEGRATION OF RATONAL FUNCTIONS

Qgg where P(x) and Q(x)
x — 3 2x + 1

A function R(x)is said to be rational if R(x)is of the form

are polynomials in x. For instance,
poly x4+ 1 x2—3x + 5

P(x)

Q(x)
and is said to be improper if deg (P(x)) > deg(Q(x)).

A rational function R(x) = is said to be proper if deg(p(x)) < deg (Q(x))

P(x

In case R(x) = ng; is improper rational function, we can write it as
B(x)

R(x) = A(x) + —=
Q(x)

where A(x)is a polynomial and is a proper rational functions

Q(x)

and are rational functions.

Integration
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Calculus Partial Fractions

Recall when we add two rational functions, we get a rational function. For instance,
when we add

2 i
NIV Sk

. 2 N 1 20-x)+ 2x-3 _ -1
W 3T 1-x T (2x-3)(1-x)  (2x-3)(1-2x

We call - d !
ecall .—= and T—

-1
(2x—-3)(1—x)

as partial fractions of

Methods of Splitting a Rational Function into Partial Fractions
Case 1 : When denominator consists of distinct Linear factors
We illustrate the method in the following illustration.

lllustraton: Resolve
X

Cx—1Dx+1Dx-2)

into partial fractions.

We write

x A - B N C
x-Dx+1Dx-2) 2x—1 x+1 x-2

where A, B and C are constants.
= x=AXx+1) (x=2) + B (2x—1) (x=2) + C(2x—=1)(x + 1)

Put x =%, —1 and 2 to obtain

= 4G)(=3) =2 - -5
HE PEOPEES® = ~9°

-1 = B(-3)(-3) =B =—%;

2 = C(3)(3) =C =§

Thus
X 2 1 1 1 1

2
Cx—-Dx+Dx-2) 9 2x—1 9x+1  9x—2
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Case 2: When Denominator consists of repeated Linear Factors

Illustration: Resolve
X

(2x —1)(x+ 1)?

into partial fractions.
Write

x A B C
(x—1(x+1)2 2x—1+\x+1+ (x + 1)?

Note carefully
where A, B and C are constants.
=x=A(x + 1)? + B(x—=1)(x+1) + C (x—1)
Put x =1 and —1, to obtain
1=4A =>A =1/4; and
-1=-2C = C=1/2.
Next, we compare coefficients of x2 on both the sides to obtain

1
0=A+B=8B =—A=—Z-

Case 3 : When the Denominator consists of irreducible Quadratic Factor.

Illustration : Resolve
X

x+Dx*+x+1)

Into partial fractions.

Write
X A Bx+C

= +
x+Dx*+x+1) x+1  x2+x+1

where A, B and C are constants.

=X =A@?+x+ 1) +(Bx+C) (x +1)

Put x = —1 to obtain A = —1. Comparing coefficients, we obtain
O=A+B =>B=-4=1

Next, put x = 0 to obtain

0=A+C =C=-4=1

Thus,
X -1 x+1

(x+1)(x2+x+1)= x+1+x2+x+1

Integration
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Calculus Solved Examples

Example 11 : Evaluate the integral

X
d
f G+D2x—1
Solution : We first resolve the integrand into partial fractions. Write

X _ A + B
x+1DR2x—-1) x+1 2x-—1

=>Xx=A(2x — 1) + B(x +1)

Put x =% and —1 to obtain

L —B(1+1) B= L
HE PRz =R~ 3

1

Thus,

X 4 _1 dx 1 dx
f(x+1)(2x—1) *=3 (x+1)+§_f(2x—1)

—11 |+1|+111 2 1] +
—30gx 3.20g|x | + c

1 1
=§log|x+1| + glog|2x—1| +c

Example 12: Integrate

CJ—— O
Solution: (i) We write — ! > as ! and split into partial fractions.
x%2—a x—a)(x+a)
Write
1 A B

(9c—0t)(x+0t)=x—at+ x+a
=1 =A(x+a)+B(x-a)
Put x = a and — a to obtain

1
1= A2 A=—:
(2a) = K

1
1 =B(-2a) > B= —;
2a
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Thus,
j dx B 1j| 1 1 |d
x2—a?2 2a)lx+a x-a %

1
= — [log|x + a| —log|lx —al] + ¢

2a
_ 1l [x+a]+
~ 2409 =4l "¢

(if) Note that
f dx _ 1 _f[ 1 9 1 ]d
2—x2 2a Jlatxa—n

1
= %[log|a+x| —log la—x|]+¢

1 a+x

= —1
2a Ogla—x

Two Important Formulae

dx 1 x+a
W LS W T

x2 —a? 2a X —
) J‘ dx _ 1l a+x 4
") at—x%2  2a Ogla— [+ c

Remark : Above two formulae may be used as standard formulae.

Example 13 : Evaluate the integral.

x dx
,[ x—Dx+5)(2x—-1)

Solution : We write
X A B C

G-DGa+5)2x—-1  x—1 x+5 " 2x=-1

=> x=AXxX+5)(2x -1) + Bx—1)(2x— 1) + C(x—1)(x + 5)
Put x =1, -5 and ¥%2 to obtain
1=6A = A=1/6

—-5=66B — B = —-5/66

Integration



Calculus

86

X

x-DEx+52x-1)

—2/11

1[ dx 5] dx 2 dx
6 ) x—1 66) x+5 11 ) 2x—-1

1 5 1
= = log|x-1|- —1 ~—log|2x — 1
c og|x-1| 7 og|x + 5| 11 og|2x | + ¢

Example 14 : Evaluate the integral

I_j dx
T ) 14 3eX 4 2e2x

Solution: Put e* = ¢, so that e*dx = dt, and

1 f dt
) t(1+ 3t +2t2)

~ dt
B f t(1+t)(1+20t)

We now split
1

t(1+)(1+2t)

into partial fractions, to obtain

1 A B

Y

= —+ +
t(l+)(1+2t) t 1+t

= 1= Al +1)(1 + 2t) + Bt(1 + 2t) + Ct(1 + 1)
Putt=0, -1 and —1/2 to obtain

1=A = A=1;

1=B = B=1,

1=—Cl4 =>C=—-4

Thus,

y §Z

dt Cord
ft(1+t)(1+2t)_f7+ (1+t) (1+2t)

=log |t| + log |1+ t| — 2log |1+ 2t| +C
=log(e*)+log(e*+1)-2log(2e*+1) +c

e*+1

= Xx + lOgm-FC



Example 15 : Evalaute the integral Integration

xZ
= e e

Solution : To evaluate an integral of the form

P(x)

m dx,we puta + bx = t.

So,weputx+ 1=t =dx =dt

(t+ 1) t2+2t+1
and [ = ft—3dt=f—dt

t3
1
— f(?— 2t‘2+t‘3) dt
-1 t—Z
= log|t| — 1 +_—2+ c

=1 |t|+2 1+
- 08 t 22 €

G S
x+1 . 2+D2 "€

log |x + 1| —

Example 16 : Evaluate the integral

[ (x+D)?

> ) A oRt

Solution : Put x —1 =1t, so that

t+1+1)? t +2)?
I='/¥dt='[( 2) dt
t t

t + 4t + 4)?
— jgdt
t2

4
= f[1+?+4t"2] dt

4
=t + 4log|t|—?+ c

4
=x—1+4l - 1|-——
X + 4log|x |x_1+c

4
= x + 4log|x — 1| — pr + ¢ [absorb — 1 in the constant of integration]
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Calculus Example 17 : Evaluate the integral

) 1 3x—1 J
~Jar2ex—-n ™

Solution :
We write

3x—1 _ A + B + C
(x+1202x—-1) x+1 (x+1)2 2x-1

=3X-1=A(x+1) (2x-1)+B(2x-1)+C (x + 1)?
Put x = -1 and % to obtain

—4=-3B =g =4/3

1 1
—1==C(-1/2+1)* =5 =0 =C = 2

N[ W

Comparing coefficient of x?, we get
0=2A+C =2A=-C=-2

= A=-1
Thus,

3x—1 = fdx +4J‘ +1)-24 +2f dx
G2 ¥~ " Jxy1 T3 )@t 2% — 1

4 (x+1)"2*1 2log|2x — 1| N

= —1 1] +=

og |x + |+3 2+ 1) + 5 c
_ |2x—1 ¢ 1,
Blx+1l " 3x+1 "€

Example 18 : Evaluate the integral

1=f(exd+1)2

Solution :

Put e* — 1 =t, so that e*dx = dt, and
B f dt
) tA(t+ 1)
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Integration

1
We split m into partial fractions
1 A k B D C
t2(t+1) t t2  t+1

= 1=At(t+1)+B(t+1)+ Ct?

Putt=0, t=-1 to obtain
1=B =B=1
1=C =C=1

Comapring coefficient at t2, we obtain

0=A+C > A=-C=-1

Thus,
1 1
I=f[——+—+—]dt
t t+1
1
= —logltl—?+log|t+1|+c
i
= log|——| - +¢
e*+1 1
=log( e ) % + C
Check Your Progress 3

Integrate the following functions

" x2+1 ) x2+1
Cx+1Dx—-1D(x+1) ' x(x?—1)
3 2x— 3 4 X
(x2—=1)(2x + 3) ' x(1+ 4x3 + 3x°)
e* x?
5. 6. —_—
X—3e*+12 (x +2)3
x? e*
7 8. —_—
(x—13(x+1) (e¥ —1)3
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Calculus Answers
5 il
1. —glog | 2x+1| +§Iog | x=1|+log | x+1]|+c

Xt =1

X

2. log +C

5 1 12
3. —=log|x+1|+—log|x-1|—-=—log|2x+3|+cC
5 of | 10 gl I c of |

4, Iog|x|+%|og|1+x3|—%Iog|1+3x3|+c

SF £ E.
O ARG ©

6. Iog|x+2|+i— 2 +C

X+2 (x+1)°

1. |x-1] 3 2 1 1
—log —— —— >+C
8 T|x+1] 4x-1 4(x+))

1 1

-= +C
2 (e* -1)?

3.5 INTEGRATION BY PARTS

Recall the product rule for the derivative

d
a[uv] = uw + vu

=uv= I uv'+vu' dx
== .[uv'dx=uv— jvu'dx

We can write the above formula as

fu(x)v(x)dx = u(x) fv(x)dx - f [Z—va(x)dx]dx

In words, the above formula state
Integral of the product of two functions

= First function x integral of the second function — Integral of (the derivative of the
first function x integral of the second function)
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. . . Integration
For instance, to evaluate f x.e* ,we take e* as second function and x as the first

function.

By the above formula

d
fxex dx = xe* —fa[x] e*dx

X

=xe*— | l.e¥*= xe*—e*+ c

Solved Examples
Example 18 Integrate x log x

Soluton : We take x as the second function and log x as the first function.
fx logx dx = J-(logx)x dx

x2 1 Xx°
= (log X) 2 — [=.2-dx
(log )~ sz

1, 1
==_X"log x—= |xdx
2 g 2-[

L log x—1y2
2 4

+C

Example 19 Evaluate

f Vx logx dx

Solution : We take v/x as the second function and log x as the first function. We
have

[Nxlogxdx = [(log x)x"dx

X3/2 1X3/2
=(log X) — - |=——dx
(log )3/2 x3/2

2 3/2 2 1/2
=—x"“logx—= |x'“dx
3 g SI

3/2
:gxmlogx—g —+C
3 373/2
2 a2 4¢3
=—X""logx—— |X"“+c
3 d 9"-
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Calculus Example 20 : Evaluate

logx
fgdx

x2
Solution : We take x~2 as the second function and log x as the first function.

I= | x % logx dx
x—2+1 1 x~
= 3771 logx - J-; <_—1> dx

1
=——logx+fx‘2dx
x

1 X!
=—-—logx+—+c¢C
X -1

1 1
=——logx—=+cC
X X

Evaluate 21: Evaluate

j xe ™™ dx
Solution: We take e~ as the second function and x as the first function. We have
e ™ e ™™
= Y N —) - -
fxe x(_l) f(l)_l dx

= —xe *+ je‘x dx

= _Xe *—e*+ ¢

=-(x+De ™+ ¢

Example 22 : Evaluate

flog(l + )1 dx

Solution : We write log(1 + x)*** = (1+ x) log (1+ x) and (1+ X) as the second
function. We have

I=f(1+x)log(1+x) dx
1 ) » 1
=@+ log(L+X) - [@+x) T
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:%(1+ X)? log(1-+x)— [(@+x)dx

=%(1+ X)? log(1+ x)—%(1+ X)? +C

Example 23 : Evaluate

J. logx dx

Solution : We write log x =1. log x and take 1 as the 2" function and logx as the

first function.

_[Iog xdx = jl. log xdx

1
= xlogx—j(x);dx

= xlogx—fdx

=xlogx—x+c

=x(logx —1) +c

Example 24 ; Evaluate

J-x:"’ (logx)? dx

Solution : We take x3 as the second function. We have

jx3 (logx)? dx

_141 2 1] 421 1d
—4x(ogx) "2 X (ogx)x X

1 1
7 x*(logx)? _Ef x3(logx) dx

1 11 1 1
— _ .4 2__|_,4 —_— 4_
=77% (logx) > |7% logx 4fx . dx]

1 111 1
— 44 2__|1_-,4 _ 3
Tt (logx) > _4x logx 4fx dx]

1 1r 1
— _ 4 2__|1_-,4 _ 4
=% (logx) AV logx 16x ] +c

1 1 1
4 2 _ 4 4
= —4x (logx) 3 x* logx + 32x +c

1
=33 x*[8(logx)% - 4logx + 1] +c¢

Integration
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Calculus Remark : If an integrand is of the form e*(f(x) + f'(x)), we write it as e* f(x) +
e*f’(x), and just integrate the first function. We have

I = [e f o)+ f(9)dx
: J.ex(f(x))dx+ jeXf '(x)dx
=e f(x)— [e 100+ [e*f (x)ax
=e*f(x)+c

Example 25 : Evaluate the integral

1 1
jex<—— —2>dx
X X

Solution : We write

1 1 1 1
fex(———z) dx =fe"—dx—fe"—2dx
X X X X

1 (-1) 1
=ex——fex p dx—fex—dx

X 2 x?
ex
= —+c

X
Check Your Progress 4
Integrate the followings:
1. x%e* 2. xlog(1+x) dx
3. e 4. e* (log x + %)

x x+1

5. e 6. logv/x
7. log(1+ x) 8. (1 — x)2logx
Answers

1. x2=2x+2)e*+ ¢
1, 5 1.5 1
2. ;(x —x)log(1+x)fzx tox+tc

3. 2(Wx-1)eV* + ¢

4. e*logx +c

ex

x+2

5. +c
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1
6. 5 (xlogx — x) + ¢

7. (x+1)log(l+x)—x+c

8 ( . 3)1 b iey
. X 3x ogx — X 9x c

3.6 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress 1

1 1
1. f(x3+2x)dx= —x* + —2¥+ ¢

4 In2
e x — x x
2. f(x +e*) dx e+1e +e*+c
x + x)? x + 2xY2%x + x?
3. jw_—z) dx = j > dx
X X
1 1
=J-(;+2x 24+ 1)dx
= InX|+4x? + x +¢
(2% + 3%)?2 (2%)2 + 2(2%) + 3 (3%)?
4., f—dx —) f dx
5x 5x

= [[6) +26) + ()]

(4/5)* , (6/5) (9/5)*

= @5 “inG6/5) | In(@/5)

3*  x8 2x73

m3 ' 8 (=3)

5. f(3x+ x”— 2x M dx =

o [ a= [+ ]

_@E/7* N (5/7)*
" In(3/7)  In(5/7)

Integration
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Calculus Check Your Progress 2

1. Putx+1=t? Sothat x=t%® — 1 and dx = 2t dt
f _ 1tht thz tl +
S = = — % c
Vx+1 t 3

2 3
= g(x+1)§+2\/x+1+ c

2. Pute3* + 4 =t,so that 3e3*dx = dt

f e3% d_l dt—11|t|+
ey 4T3 ) T 3" ¢

1
= §ln(e3x +4)+ ¢

3. Put 2x?—7x+8 = t,sothat (4x — 7)dx = dt

4x — dt _
f(2x2—7x+8)2 *= ft_zz ft at

=——+ +cC
(2x2—7x+8)

4, Put\/x+1 =t? sothatx=t%* — 1, dx = 2tdt

g fx\/m dx = f(tz—l)t.tht

2 2
— _ts__t3
c 3 + c

2 2
= g(x+1)5/2—§(x+1)3/2+ c

5. Put+/x =torx=t?2, sothat dx = 2tdt

dx _thdt_ dt
Vx+x

=2 | —
t+t? t+1
=2Int+l)+c =2In(/x+1) +c

6. Put4—-5x=t, sothat —-5dx =dt
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7.  Write Integration
e*+3e*=ae*-e )+ B ;—x(Zex— e ™)

—e*+ 3eF=a(2e*—e )+ L (2e+ e7%)

Equating coefficients of e* and e, we obtain

1=2a+2B and3=—a+ f

:>a+B=%and —a+ =3

Solving, we obtain a« = —

. B=7

Thus,

dx

fex + 3e7* = j (— %) (2e* —e™) + (%) (2e* 4+ e7™¥)

2e* + e7¥ (2e* — e™)

_(5) d+7f2ex+e‘xd
- YT gex— g

Put 2e* + e ™ = t, so that

(2e* + e ¥)dx =dt

dt
EA =fT = In|t|

=In|2e* — e7™¥|

Thus,
jex + 3e7* J
2e¥ — g% X

=2t D hnj2er — e 4
=—zX 4n|e e ¥+ c
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Calculus 8. Putx? —1 = t?, so that 2xdx = 2tdt.

Now,
j x3 Y x%x dx j (t?2 + Dt dt
x — =
x2—1 VxZz -1 t

1
f(t2+1)dt= §t3 +t+c
1 2 2 2 1/2
= §(x + 132+ (x2+ DY2 4 ¢
Check Your Progress 3

x+1
x4+ Dx-D(x+1)

1. We split into partial fractions.

We write

x?+1 A N B N C
Cx+Dx-1DHx+1)  2x+1 x—-1 x+1

=x% + 1= A(x=-1)(x+1) + B(2x+1)(x+1) + C (2x+1)(x-1)

Put x =-1/2, 1, —1 to obtain
1 1 —A<_3>(1) -5
4 = A\T)\2) A= 3

2=B(3)(2) = B=1/3; and
2=C(-1)(-2)=> C=1

Thus,

A DD+ X~ 73

2x+1+ 3

x2+1 5] dx 1] dx

- x—1

LN | 1
= -3 x510g|2x+1| +§log|x—1| + loglx+1| + ¢

5 1
=—glog|2x+1| + §log|x—1| + log|x+ 1] + ¢
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2. Write Integration

il i x2+1 —A+ B N C
x(x2—-1) x(x-Dx+1) x x—-1 x+1

=>x2+1=A?*-1)+ Bx(x+1) +Cx(x—1)
Putx =0, 1, -1 to obtain

1=-A => A=-1;
2=2B =>B=1; and

2=2C=C=1
J‘ x?+1 dx f
x(xz—l) x+1
=log|x| + log [x— 1|+ |log [x + 1| + C
xz—l‘
= log +c
3. Write
2x —3 A B C

-DE+3)  G-D G D @x+3)

=2x-3=AX+1)2x+3) +Bx-1)2x+3)+C(*x* — 1
Put x =1, -1 and -3/2 to obtain

-1=AQ)(5) = A=-1/10

—-5=-2B = B=5/2

—6=5Cl4 = C=-24/5

Thus,
j 2x — 1 dx 5 dx 24 dx
(x2 f

—1)(2x+3)d o) x=172

x+1 5 ) 2x+3%

= 1l | 1|+51 |x + 1| 12l 2x + 3| +
= —7ploslx > 10glx c 0g |2x | +c

4. Multiply the numerator and denominator by x? to obtain

x? x?
fx(l + 4x3 + 3x9) * fx3(1 + 4x3 + 3x°) *
Put x3 = ¢, so that

B f dt 1 dt
 3) t(1+4t+3t2)  3) t(1+t)(1+3t)
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Calculus Now, write

1 _4, B C
tl+6)(1+3t) t 1+t 143t

—1=A(1+1t) (1+ 3t) + Bt(1 + 3t) + Ct(1 + 1)
Putt=0, -1 and -1/3 to obtain
A=1 B=1/2,C=-9/2

Thus,

1,[t(1+t)(1+3t) j[ 2(1+t) 2(1+3t)] -

—1[1 |t|+1l |1+ t] 9><11 1+3t]+
=3 |log 5108 5 30g| []+c

= [loglxl +%log|1 + x3| —%log |1+ 3x3 |] +C

5. Write

ex ex er

e*—3e*+ 2 e —3/e+2 eX+2e* -3

e*e
Let I =_f82x+26x— 3dx

Put e* = t,so that e*dx and

t t
I_j1:2+21:— Bdt_j(t—l)(t+3)dt

t
Split m into portial fractions, to obtain
t 11 31
t—1(t+3) 4t—1 4t+3

[t —dt=Llog|t-1/-3|t+3)+c
-3 4 2

L
T4 g|(t+3)3 e
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6. Putx + 2 =t, so that Integration

2 Y
I=_[ X 2dx=(t 32) dt
(x+2) t

2
=_[t 43t+4dt
t

1 4 4
-[ideeh
4 2
=log|t|+——-=+cC
glth++ -

2 ¢
X+2 (x+2)°

=log|x+2|+

7. Write
x? A B C D

G-+ D) x-1 o1 G-13  x+1

=x2=Alx-1D*(x+1)+ Bx—-1D(x+1)+C(x+1)+D(x —1)3
Put x =1 and -1 to obtain

1=2C =C=1/2and1=-8D =D =-1/8
Comparing coefficient of x°, We obtain

0=A+D =A=-D=1/8
Next, put x=0 to obtain
0=A-B+C-D = B=A+C-D=%

Thus

Cc

x? dx 1 x—1 3 1 1 1
= ] (x-3)3(x+1)= 8 x+1l 4x-1 4(x-1)

8. Pute* —1 =t,so that

t—3+1

dt L
I=|—==|t7dt= +C
t? -[ -3+1
I PR S D
2t2 2(ex—1)2
Check Your Progress 4

1. sz eXdx = x%e* — ijex
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Calcul
alculus = x2e* — 2[xe* — f(l) e*dx]

=x%e¥ — 2[xe* —e*] + ¢

=(x2—- 2x+2)e*+ ¢

2

1 1
_ 2,2 _Z
2. jxlog(1+x)dx—2xlog(1+ X) 2j1+xdx
Let] _f x? 4 _jx2_1+1d
ST TE T T+x

1
= Exz — x +log(1+x)
Thus,

1 1 1 1
fxlog(l + x)dx = Exz log(1+ x) — sz + Ex—ixlog(l +x)+c
3. Putvx=t = x=t?= dx=2tdt

Thus,
[= J-e‘/}dx = Z.ftetdt

=2[tet — [(1) etdt]
=2[tet — et] + ¢

=2(vx — 1) e¥* +c
1
4, 1= fexlogx+ jex; dx
1 1
= e*logx — fex—dx+ jex—dx
X X
=e*logx + ¢

x+1 x+2—1_ 1 1

5. W it = -
e wite (x+2)?2 (x+2)?? x+2 (x+2)2

We have

f , Xx+1 d f x| 1 1 1d
=[|e*———dx | e — X
10 (x+1)? x+2 (x+1)2



6.

7.

1

=je’“(x+2)‘1 dx — fex(x+2)2 dx

=e*(x+2)7?! dx—fex (—D(x+2)? dx—jex G T2 dx

ex

= +c

x+2

jlog\/f dx =

1

1
_ x
Gtz @ fe Gtz

1

1
2 jlogx dx = 7 j(l)logx dx

1 1
2 [xlogx — j(x) ;dx]

1
> [xlogx — x] + ¢

flog(1 +x)dx = [(1)log(1+ x) dx

= xlog(1 + x) f X

x+1-1
= xlog(1+ x) - f dx

= xlog(1+ x)- ] [1 - ]dx

= xlog(1+ x) — [x — log(1+x)] + ¢

=(x+ Dlog(l+x)—-x+c

f(l —x?) logx dx

B x3l j‘ x31d
= |x— 3 |logx X - | odx

Il

/N VS
=
|

Wl =

=
|
Wl =

2
x3)logx— j(l— ?> dx
53
x3)logx— <x— ?>+c

3

—( 13)1 +x +
=X 3x ng X 9 C

Integration
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Calculus
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3.7 SUMMARY

The unit discusses integration of a function as inverse of the derivative of the
function. In section 3.2, basic integration rules are derived using corresponding
differentiation rules. A number of examples are included to explain application of
the rules. In section 3.3, for finding integral of complex functions in terms of
simpler functions, the method of substitution is discussed through suitable examples.
In section 3.4, methods for integration of rational functions, are introduced and
explained. In section 3.5, method of integration by parts for finding integral of
product of two functions in terms of the integrals of the functions is discussed.

Answers/Solutions to questions/problems/exercises given in various sections of the
unit are available in section 3.6.



