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3.0 INTRODUCTION

Let us recall the concepts of two dimensional geometry. A point in plane is
represented by an order pair of real numbers by a two-dimensional Cartesian
coordinate system. In this unit, we shall see that a point in space is uniquely
determined by an order triple of real numbers by a three dimensional Cartesian
coordinate system. Once we have established a one to one correspondence
between points in space and ordered triple of real numbers, we can extend the
concept of distance between two points in space. We shall study distance formula
for finding distance between two given points in space.

Also recall that we introduced the concepts of direction cosines and direction
ratios of a vector. Infact, the same concept are valid for a directed line also.
Infact, the concept of slope of a line in two dimensional plane is extended by
direction cosines and direction ratios of a line in three dimensional plane.

We shall also study various forms of equation of a straight line in space. A
straight line in space is uniquely determined if we know a point on the line and
direction of the line or if we know two points on the line. Thus, we shall obtain
equation of a straight line with a given point and parallel to a given direction, and
equation of a straight line passing, through two given points. These equations are
obtained both in vector and Cartesian forms.

Also recall that two lines in a plane either intersect or are parallel (or are
coincident). But in space, we may have two non-intersecting and non-parallel
lines. Such lines are called skew lines. In the last section, we shall introduce the
concept of distance between two lines and find formula for calculating the
shortest distance between two skew lines.



Three Dimensional

3.1 OBJECTIVES Geometry — 1

After completing this unit, will be able to :

¢ find the distance between two points in space;

¢ find the direction cosines and direction ratios of a line passing through two
points;

¢ find the equation of a straight line passing through a given point and parallel
to a given vector in vector form and in Cartesian form;

¢ find the vector and Cartesian equations of a line passing through two given
points;

o define the terms skew lines and coplanar lines; and

o find the distance between two skew lines.

3.2 THREE DIMENSIONAL SPACE

Let us recall that a point in plane is uniquely determined by an ordered pair of real
numbers through a two dimensional Cartesian coordinate system. Similarly, there
IS one to one correspondence between points in space and ordered triplets of real
numbers through a three dimensional Cartesian coordinate system, by fixing a
point 0 as origin 0 and three mutually perpendicular lines through O as x-axis,
y-axis and z-axis. The three axes are taken in such a way that they form a right-
handed system. With any point P, we associate a triple of real number (x,y,z) in
the following manner :

We drop a perpendicular from P to the xy—plane meeting it at M and take PM = z.
From M drop perpendiculars on x-axis and y-axis meeting them at A and B
respectively. Take MB = xand MA =y

z
A

P(x.y.,2)

v

‘/A y

X Figure 1
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Also, given a triple (x,y,z) we can locate a point P in space uniquely whose
Cartesian coordinates are (x,y,z)

Distance between two Points

Recall from the Unit ‘Vectors — I’ that if P is any point with coordinate (x,y,z) and
position vector 7 then

P

OP = #=xi+yj+ zk

The distance OP of any point P(x,y,z) from the origin is given by
OP=|0P | = |#| = x? + y2 + 22
Similarly, if P (x; y;z;)and Q(x,, y,z,) aretwo points with postion

7y Vectors 7,

Then

=(t+ Yof + z2k) - (x4 yif + 7z k)
=0 —x))i+ Oy — 1)+ (22— z1) k

and PQ = [PQ| =7, — 74

= JO2 =x.)2+ (2 — y1)2+ (22 — 21)?
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0] Figure 2

Thus, the distance between two points P (x; y; z; )and Q(x,, ¥, z,) is given by

PQ= J(xz —x1)% 4 (Vo — ¥1)2+ (22 — 21)?



Three Dimensional

We have studies section formula (in Unit — 1 on Vectors) to find position vector
Geometry — 1

of a point R which divides the line segment joining the points P and Q with
position vectors 7jand 7, respectively. If 7 is the position vector of

R, then
. mi+nh
m+n

If P has coordinates P (x; y; z; )and Q has coordiantes Q(xz, yzlzzl)and R has
coordinates (x,y,z), then

mx, +nx;
m+n

_my;+ny

Y m+n

mz,+nz;

m+n

If we put m=n=1, we get the coordinate of mid-point of PQ given as

Xy + Xq
X= ———
2
Y2t 0
2
Zy + 24
zZ=—
2

Example 1 : Find the distance between the points P(1, -1, 0) and Q (2, 3, -1)

Solution: PQ=/(2—-1)2+ (3+1)2+ (-1 - 0)2
=v1+16+1 =V18 =3v2
Direction Cosines and Direction Ratios
If «,pB and y are the angles which a non-zero vector 7  makes with positive
x—axis, y-—axis and z— axis respectively, then cos a, cos 8 and cos y are called
the direction cosines of 7, we write
| = cosa, m = cosp and n = cosy
Also, 12+ m?+ n?=1

If a, b, c are numbers proportional to I, m and n respectively, then a, b, c are
called the direction ratios of 7;

a b
l m n
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with 12+ m?+ n?=1.
Which gives
a
b

c

va? + b? + c?

If V= ai+bj+ ckisany vector, its direction ratios are a, b, ¢ and its direction
cosines are

V]

b
m=—=
\q

c
n= —
4

Consider the line joining the points P (x; vz, )and Q(x, y,z,) whose
position vectors

are 7, and 7,
NOW A_B. = ?1_ ?1
= —x)i+ (Y2‘Y1)j + (z; — z)k)

Therefore, direction ratios of AB are x; —x,,y, —y; and z, — z; And the
direction cosines of AB are

I X2 —Xq
17|
Y2 = V1

m S

|7 |

Zy —Zy
n=—

|7 |

Where ¥ = 7 — 7

Thus, the direction cosines of a line joining points A(x; y; z; Jand B(x,, ¥, 2,)
are given by



Xy — X1 Three Dimensional
AB Geometry — I

Y2 = V1
AB
Zy — 11

AB

Where AB is the distance between A and B

Example 2 : Find the direction cosines of a line which makes equal angles with
the axes.

Solution : Let I, m, n be the direction cosines of the given line. Then
P+m?*+ n?=1

Since the given line makes equal angles with the axes, therefore, we have
I=m=n

So, I*+1*+1°=1

or 1= &4

3
1
Thus l=m=n+ —

V3

Example 3: Find the direction cosines of the line passing through the two points
(1,2,3) and (-1,1,0)

Solution : We know that the direction cosines of the line passing through two
points A(x; 12z )and B(x, y,z,) aregiven by

l_xz — X1
~ AB
m = Y2 —V1
AB
2y —Zq
"TT4B

AB= (X —=x3)2+ (2, — ¥2)2 + (22 — 7,)?
Here Ais (1,2,3) and B is (-1,1,0)

So, AB,

where AB:J(—1—1)2+(1— 2)24+(0-3)2

=VIT179 =Vid
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Vectors and Three Thus, the direction cosines of line joining A and B are
Dimensional Geometry

Check Your Progress 1

1. Prove by finding distances that the three points (-2,3,5), (1,2,3) and
( 7,0,-1) are collinear.

v Show that the points (0,7,10) (-1,6,6) and (-4,9,6) from an isosceles right
angled triangle.

3. The direction ratios of a line are 1, —2, —2. What are its direction cosines ?

4. A line makes angles of 45° and 60° with the positive axes of x and y
respectively. What angle does it make with the positive axis of x ?

5. Find the direction cosines of the line passing through the two points
(-2, 4,5) and (1,2,3).

3.3 EQUATION OF ASTRAIGHT LINE IN SPACE

A line in space is completely determined once we know one of its points and its
direction. We shall use vectors to measure direction and find equations of straight
line in space.

@ Equation of a straight line passing through a fixed point A and
parallel to the vector b.

Let a be the position vector of the given point A and let 7 be the position vector
of any point P on the given line.

p
a
7
@] Figure 3
We have
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Since 4P is parallel to b , we must have AP =t b for some scalar t.
F=d+th
Thus, each point P on the line has position vector a + tb for some scalar t.

Conversely, for each value of the scalar t, d + th is the position vector of a
point of the line.

Hence, the vector equation of the line is

P=d+th (1)

Where t is a parameter.

Let us now write (1) in Cartesian form.

Let the coordinates of point A be (x; y;z;)

Sothatd=x;t4+ y.j + z.k

Suppose the line has direction ratios a, b and c, then b=ai+ bj + ck

Let 7 =xi+ yj + zk

Substituting in (1), we get

xi+ yj + zk=x, 14+ yij + zik+t(atl+ bj + ck)

Equating the coefficients of i,7 and k we get

X=x4 +ta, Y=y, +thandz= z, + tc 2
These are the parametric equations of the line.

Eliminating the parameter t, from (2), we get

X— X1 V= V1 _Z— Z3

a b b c (3)

This the Cartesian equation of a straight line.

Cartesian Equation of a straight line passing through the point (x; y;z; ) and
having direction cosines |, m, n is given by

X— X1 Y= V1 _Z— Z

= (4)

l m n

Equations (1), (2), (3) and (4) are different forms of equations of a straight line
passing through a given point and parallel to a given direction.

Three Dimensional
Geometry — 1

59



Vectors and Three (b)  Equation of a straight line passing through two given points
Dimensional Geometry

Let us now find equation of a straight line passing through two distinct points

A(xy y121) B(xy y22,). Letdand b be the position vectors of the points
A and B respectively.

Since the points A and B lie on the line therefore 4B is parallel to the line.

Q
o]

0] Figure 4
Thus, the vector equation of line passing through A and parallel to AB is
F=d+ t(b— d) (5)

Equation (5) is the vector equation of a line passing through two points with
position vectors a@ and b.

Equation (5) can also be written as

#=(1-t)d+ th, t €R (6)
Let us now derive the Cartesian form the vector equation (5)
We have

a=xi14+ yj + z k

~

=xit+ y,J + 2k

S

Let7= x, 04+ yif + zk
Substituting these values in (5), we get

xi+ yj + zk=x0+ yif + zk+ t[(xg_x) i+ — y)f +
(z2 —z1)k

Equating the coefficients of 7,7, k we get
x= x;+t(x, — x1)
y=y1+t(y1— y1)

z=z1+t(z, — z1)
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Three Dimensional

Eliminating t, we obtain
Geometry — 1

Xy — X1 Y2 — W1 Zy — 77

X — X1 Yy— NN zZ— Z

= = (7)
Equation (7) is the Cartesian form of equation of a straight line passing through
two points (x; y;z;)and (xz, ¥, 2).

Example 5 : Find the equations of the line (both Vector and Cartesian) passing
through the point (1, —1,—2) and parallel to the vector 3§ —2j + 5k.

Solution :  We have
d = 1—j—2kand
b =31-2j+ 5k
Therefore, the vector equation of the line is
7 =(—-j—2k)+t(3i=2] + 5k)

Now 7 is the position vector of any point P (x,y,z) on the line.
So, xi+yj+ zk

(G— j—2k)+t(3i— 2j + 5k)
=(1+3)i—(1+20)j+(2+5t)k
Thus x=1+3t, y=-1-2t, z=-2+5t
Eliminating t, we get

x—1 y+1 z+2
3 -2 5

Example 6 : Find the Vector and Cartesian equation of the line passing through
the points (-2, 0, 3) and (3,5, -2)

Solution :  We have

= _2i+ 3k and

QU

~

=3i+5 j—2k

S

So,b— d=50+5/ —5k

The vector equation of a line passing through two points with position vectors
is given by
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Vectors and Three If 7 is the position vector of the point P (X, y, z) then we have
Dimensional Geometry

Xi+yj+zk=(2i+3k)+t(5i+5j—5k)
= (2450 +5t]+ (3 -5k

So, x =-2 +5t, y =5t, z=3-5t

Eliminating t, we get

x+2 'y z—3

5 =5

Example 7 : The Cartesian equation of a line is
x+3 y—2 z+5
4 5 1
Find the Vector equation of the line.

Solution : Comparing the given equation with the standard form

X=X, V=V, Z7 2,
a b c

We get
X1,:—3,y1,=2 Z1,=_5a:4ib:51C:1

Thus, the required line passes through the point (-3, 2, -5) and is parallel to the
vector 4i+5y j+k.

Thus, the equation of line in vector form is
#=(-314+5j—6k)+t(41+5j+k)
Angle between two lines

Consider the two lines with vector equations

# =d +th (8)
?=d+th 9)

The angle 6 between these lines is defined as the angle between the directions of
d and b Also, we know that the angle between the vectors b and b’ is given
by

-

bb’
|B]15'|

cosf = . (10)

Thus, (10) gives the angle between the lines (8) and (9). If the equation of two
62 lines are given in Cartesian form



X=Xy, Y—=V1,  Z— 2, and Three Dimensional
a, b, cy, Geometry — 1

then the angle & between them is given by
a1a2+b1b2+0102

Cosf = + - (11)
Jal 2+ b, “+cq ZJaz ’+a, “ra,?
as sin? @ = 1— cos? 6, therefore, we also have
2 2 z
] (albz—azbl) +(b1C2—b2C1) +(C1a2—C2a1)
sing = + (12)

Jal 2+ b, “+cq 2\/a2 2+ a,’+ay?
Thus, the angle & between two lines whose direction ratios are a,,b,,c;

and a,, b, , c, is given by (11) or (12).

If instead of direction ratios, we take direction cosines |, m,nand [,,m,,n,
of the two lines, then (10) and (11) can be written as

cosf=and U l,+, mm, +nn,

and Sln9:\/(llm2 -3 l2m1)2+ (m1n2 - m2n1)2+(n112 - nzll)z

It is clear from these relations that two lines are perpendicular to each other if and
only if

LI+ m m, +n;n, =0
and parallel to each other if and only if
LI+ m m, +n;n, =0

ly my ny

E N E n;
Similarly, two lines with direction ratios a, , by c; and a,, b, c;are
0] perpendicular iff ay, A4, by by ¢, ¢y and
(i) parallel iff

aq by C1
a; by C1

63



Vectors and Three Example 8: Find the angle between the lines

Dimensional Geometry
= 20+3j—4k+t(i—2j+2k)

#=31—5Fk +s(3i—2 j+6k)

Solution: Hereb= i—2 j+2k andb =3i—2 j+ 6k)

If 6 is the angle between the two lines, then

-

bb’
|b]|b'|

cos 0 =

(i—-2j+2k).(31—2 j+6k)
Vi+4+4+9+4+36

_|3+4+12|_ 19
B 3x7 | 21

19
H ’ - _1 ( )
ence ) Cos 1

Example 9 : Find the angle between the pair of lines

x—5 y—-3 z-1 q
2 1 3

x y—-1 2z+5

Solution : The direction ratios of the line

x—5 y—-3 z-1
2 1 =3

are 2, 1, and —3. similarly, the direction ratios of the line

5
are3,2,and -1

Therefore, the angle 6 between them is given by

s g 234124(=9(])
2241543324+ 274 (1)

11 1
V14V14 14

11
Hence, § = cos™! (—)
ence cos 14
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Example 10: Find the equation of the line passing through the point (-1,3,-2)
and perpendicular to the two lines

Yy _z dx+2_y—1_z+1
i BEADLE'e 2 5

1
Solution : Let the equation of the given line be

x+2 y—=3 z+2

l m n

Since (i) is perpendicular to both the lines therefore,
[+2m+3n=0........ccceeienn.. (ii)
Bl+2m+5n=0 ...l (iii)

Solving (ii) and (iii) we get

l m on
10—-6 —-9-5 246

Or
l_ m n
4 —-14 8
l_1n_n
4 -7 8

. The required equation is

2 N VT

x+2 y—-3 z+2

Check Your Progress 2

1 Find the Vector equation of the line passing through the point (3,1,4) and
parallel to the vector —i+ j— 2k. Also find the Cartesian equation of the
line.

2 Find the vector and Cartesian equation of the line passing through (1,0,—4)
and is parallel to the line

x+1_z+2_z—2
2 pan zaetem o gopt

3. Find the vector equation for the line through the points (3,4,—7) and (1, —1,6)
Also find the Cartesian equation.

4. Find the angle between the following pairs of lines.
@ Yoo EYCC
Y1t "™ 3Tt s
(i) 7=30+2f—4k+ t(i—2 j+ 2k)

=25

j—2k+ S(&— j+8k)

Three Dimensional
Geometry — 1
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Vectors and Three 5. Find k so that the lines
Dimensional Geometry

are at right angles.

3.4 SHORTEST DISTANCE BETWEEN TWO LINES

Two lines in space may either lie in the same plane or in different planes. In the
former case, such lines are called coplanar lines. Clearly line which do not lie in
the same planes are called non coplanar lines. We know that two lines in plane
are either intersecting or parallel. But in space, two non coplanar lines may

neither intersect, nor be parallel to each other . Such lines are called skew lines.

Definition : Two non coplanar liens are called skew lines if they are neither
parallel nor intersecting.

The shortest distance between two lines is the join of a point in one line with one
point on the other so that the length of the segment so obtained is the smallest.

Clearly, the shortest distance between two intersecting lines is zero and shortest
distance between two parallel lines is the distance by which the two lines are
separated. For skew lines, the direction of shortest distance is perpendicular to
both the lines.

Let us now find an expression for the shortest distance between two skew lines.

Consider two skew liens [; and [, (Fig.5) with vector equation

S

a+t

7=
r=C+p

QY

and
Let A and C be points on 7 and 7 respectively.

Let A and C be points on [; and [, with position vectors d@ and ¢ respectively.

C M d
s S
N
A L b
Figure 5

The line LM of shortest distance is perpendicular to both [, and [, therefore is

of parallel to b x d.



The length of LM is the project of AC on LM Three Dimensional
Geometry — 1
So, LM =AC |Cos 6 |, when 6 is the angle between AC on LM

Now a unit vector i along by LM is given by

i =

S| oy
Qy QY

X
b x d|

QUL

b
b

i)
><3|

So,LM = LMA = LM(l

AC.IM _ (LM)[AC.(b x d)
AWM AC)AM)|b x d |

Also Cos 6

_TC.(BXJ)
(A0)|b x d |

(c—d).(b xd) |
= — — .. ()
b xd |
_(cbd)@b d)
b x d |

Remarks :

1. Two lines will intersect if and only if the shortest distance between them is
zeroie. LM =0

or (é-a) (b—d) =0

2. Iftwo lines are parallel and are givenby 7 = @ +tbh and # = ¢ +pb,
then they are coplanar. Then the distance between these two lines is given by

b x(¢- a)

d= —
| b

This is because d = LM = AC |cos g -6 | (see. Fig. 6) so that

D x(¢— a)

Ib| x[¢- af

d = AC|sinf|c— a
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Vectors and Three

: . b x(¢-d
Dimensional Geometry = |—

b |

C(M) L,

v

0

v

A L L
Figure 6

Cartesian form the distance between skew lines

Let the equation of two skew lines [; and [,

d1 X=Xy YT YV2  Z7 2y
and [,: =3 =
a; 2 C2

The corresponding vector from equation of [; and [, respectively are
P=(x0+y, j+zk)+t(a;i+by j+cik)
and? - (xZi+y2 ]A+Zzié)+t(a2/i+b2 ]A+C2k\)

Comparing these equations with# =d + t band # =&+ t d and substituting
the values in (i), we see that the distance between [, and [, is

Xo =Xy Y2—=YV1 22— 24

\/(bicz — byc)*+ (c1a; — cza1)*+ (a1 by — az by)?
Example 11 : Find the shortest distance between the lines
P=(30+4j-2k)+t(—=i+2j+k)
and 7= (1—7 j+2k)+(i+3j—2k)
Solution : Comparing with equations 7 =@ +tb and# =¢ +td , we have
Gd=3i+4 -2k

b

of —i+2j+k



- - i ]A l’é
and bxd=|-1 2 1
3 2

=1+3j-5k

So |bxd| =VI+9+25=+35

Thus, Shortest distance
(@—-a).(b x d)
b x d|

(—=2i—117).(i+3 j—5k)
V35

35
RN
NES

Example 12 : Find the shortest distance between the lines whose vector
equations are :

F=0+Di+Q-Dj+ A+ Dk
and 7 =2(14 p)i+(1— p)j+(-1+2n)k

Solution :  The two equations are:
F=0+2j+k)+ 2(0-j+k)

and 7 = (2i-j-k) + w(2t+ j+2k)

Here, we have

Three Dimensional
Geometry — 1

69



Vectors and Three ik
Dimensional Geometry and bxd-= 1 -1 1
2 1 2

=-3i+3k

Hence, the shortest distance between the two lines =

(b x d).(¢—a)

d|
_|(=3t=3k).(i-3 j—2k)
- V2
_—3—6|_3_i/7
Lzl vz 2

Example 13 : Show that the lines

x—5 y—-7 z—-3

intersect.

Solution : Given lines are :
x—5 y—-7 z—-3
4 4 = -5

Xx—=5 y—7 z—5
4 4 4

and

converting these equations into vectors, we get
?=(5{+7j—3k)+t(4i+4 j—5k)
and7?=(8i+4 j+5k)+s(7i+ j+3k)

Comparing with equations 7 = d + th and7=¢+td respectively, we have



oLt 7 k Three Dimensiona
and bxd=[4 4 -5 Geometry — I
7 1 3

=171+ 47 j— 24k.

Now (é—d ). (b x d)=(31—3 j+8k). (170 — 47 j— 24k) = 51 + 141 —
192 = 0.

Thus, the shortest distance between the two lines =

@—3a.b x d)
b x d|

Hence, the two lines intersect.

Check Your Progress — 3

1. Find the shortest distance between the two lines whose vector equations
are
P=1— ] +t(2i+k)
and 7=(Qi— j)+s(i+j—k)
2. Find the shortest distance between the two lines

P=0-0i+@t—-2)]+ B -2k
and 7=(s+1)i+ (2s—1)j+ 2s+ Dk

3. Find the distance between the lines
x—1 y+1 q
2 = > = Z an
x+1 y—-2 —>
5 2 77

4. Determine whether the following pair of lines interest
P=A+1D)i-A+Dj+QA+ 1Dk

P=CBu+2)i-Gu+5j+Qu -1k

3.5 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — 1

1. Let A, B, C denote the points (-2,3,5), (1,2,3) and (7,0,-1) respectively

Then AB=,/(1+2)2+ (2—-3)2+ (3 —5)2

SNCES e N v

BC=(7—1)2+ (0—2)2+ (-1 - 3)2
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Vectors and Three AB=vV36+4+ 16 = \/% — 3@

Dimensional Geometry

AC=(7+2)2+ (0-3)2+(—1-75)2

VBT +9 +36 =V126 3V14
Therefore, AB + BC = AC
Hence, the three points are Colliner.

2. Let A(0,7,10), B (-1,6,6) and C(-4,9,6) denote the given points. Then

AB=.(-140)2+ (6 —7)2+ (6 — 10)2
AB=+vI+1+16 =3V2
BC=+/(—4+0)2+ (9—6)2+ (6 — 6)2

=V9+9 =3v2

AC=,/(-4—-0)2+ (9—7)%+ (6 — 10)2
AC=vV16+4+16=6
Since AB = BC, therefore, the triangle A ABC is isosceles.
Further, AB? + BC? = (3v2)? +(3V2)? =18 + 18 = 36
Also BC? =36
. AB%?+ BC?* = AC?
Hence, A ABC is a right angled triangle.
3.Leta=1,b=-2,c=-2

The direction cosines are

_ a _ 1 1
va?+ b2 +c2 V1+4+4 9
IR a _ 1 ¥l
Va?+ b2 +c2 V1+4+4 9

b -2 -2

m= = =
Vaz+ b2 +c? J1+4+4 9

c 1 -2

n= = =
Vaz+ b2 +c? J1+4+4 9
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4. Let a, B,y be the angles which the line makes with the x-axis, y-axis, y-

axis and z-axis respectively.

and cos £ = cos 60e :%

Now, cos’® g +cos’ g +cos’y = 1

1
—+—+4 cos’r=1

2 4
> 4 costr=1
2 cos™r =
1
20 = 2
cos™r 4
s
COST—_2

2 _ Y. 2 _ 41
Or cos y-4l-e-,cosy_i2
= ¥ =600 or 120°

5. Let A(-2,4, -5and B(1, 2, 3) denote the given points. Then

AB=y/(1+2)2+ (2-4)2+(3+5)2=V9+4+64 =77

The direction cosines of the line joining the points A and B are given by

| = Xy — Xq e Y2—=Y1 andn=22_21
AB '’ AB '’ AB

Hence, the direction cosines are

3 -2 8

= —’m = —’n =
V77 V77 V77
Check Your Progress — 2

[

1. We have

Therefore, the vector equation of the line is

= 3+ j+4k)+t(=i+ j—2k)

i

If 7 is the position vector of point (x, y, z), then

xi+ yj+zk=@i+ j+4k)+t(-i+ j—2k)

Three Dimensional
Geometry — 1
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Vectors and Three =(3-t) 1+ (1-t)f+ (420 k
Dimensional Geometry

X=3-ty=1+tz=4-2t

Eliminating t, we get

which is the equation of line in Cartesian form.
2. A vector parallel to the line
x+2 y—-4 z-12

3 1_ 2
is3i+ j+ 2k

Thus we have to find equation of a line passing through (1, 0, 4) & parallel
to the vector 3 + j + 4k

So,d=1i—4k andb =31+ j+2k

-~ the vector eqatuon of required line is
7= (—4k)+t(3i+ j+2k)

Also, the Cartesian equation of the line is

x—1 y—-0 z+4

3 A VA &

3. Let A (3,4,~7) and B(1, -1, 6) denote the given points. The direction
ratios of AB are 1-3, —-1-4, 6+7 or -2, -5, 13

b=-20—5 j+13k
Also as A (3, 4, -7) lies on the line,

G=04=301+4j—7k
Hence, the vector equation is

F=d+th
e, 7=Bi+4j—7k)+t(=2i—5 j+13k)

Also, Cartesian equation of a line passing through the points
(1 ¥1,21) (x2,%2,%;) IS

X2 —Xq Y2—Y1 Zy —Zy

So, the required Cartesian equation is

X=X Y=V _ Z—Z

x—3 y—4 z—-13
— 2o w8 @ -7
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4(i))  The given liens are

= = e (D

dx_y_z 2

Therefore, the direction ratios of line (1) are 1, 0, —1 and the direction
ratios of line (2) are 3,4,5

If 6 is the angle between the two lines, then

1.3+ 0.4+ (—1)5
V12 4+ 02+ 1232 4 42 4+ 52

- [zl kgl = ol = 1= 5
101 IS5

1
Hence § = cos™? (E)

() Here b=i—2j+2k andb’' = 4i+ j+8k
If 9 is the angle between the two lines,
b.b'

Then Cosb = |—= =
|b[16"]

(t—2j+2k )(4i+ j+8k)
V12 + (—2)2 +2%/42 + 12 + 82

4—-2+16 18 2

VoveT | 273

Hence 6 = cos™ (g)

5. The given lines are
x=1 y—-2 z-3 1
- -3 2k 2 - (1)

and = = - (2)

The direction ratios of line (1) are —3, 2k, 2 and direction ratios of line (2) are 3Kk,

1, -5. Since the lines (1) and (2) are at right angles, therefore
(-3) (k) + (2k)(1) +2(-5) =0
or -9k +2k-10=0

or —7k=10
= 10
or = 7

Three Dimensional
Geometry — 1
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Check Your Progress — 3

1. Here
i=i— j
b=2i+k
c=2{— j and
d=1+ j—k

spxd|=(-1)2+ 32+ 22 =14
The shortest distance between the two lines is

(@—a).(b x d)
b x d|

i(—i+3j+2]?)‘_ |—1|_ ~1

V14 - ly1al viz

2. The given equation can be written as
(i—2j+3k)+t(—-t+ j—2k)and

=(i— j—k)+s(i+ 2j-2k)

7
.44
T

¢c—d =(G(- j—-k)y—(i—-2 j+3k)
=j—4k
- - Ii j ié
Also,b xd=|-—1 1 =2
1 2 =2
=21— 4j—3k



|E x d | = \/22 + (—4)2+(=3)2 = V29 Three Dimensional
Geometry — 1

The shortest distance between the two lines is

(b x d).@-d)|  |@-4]-3k).() -4k _‘—4+11__8
b x d| V29 v29 | V29

3. The given lines are

x—1 y+1 z
2 3 1

(D)

x+1_ y—2 z-2

and c 1 0

Converting these equations into vector form, we have
P=(i— J)+t(2i+ 3j+k)
and7?=(—1+2 j+2k)+s(5i+ })
Comparing these equation with # = @ + tb

and7 = ¢+ sd,we have

|(=2v+3 j+2k). (-
- V195

i+5j—rﬁw__r+15—21_ 9
Vi V195
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4. The given lines are

N L
and bx d =12 -1 1
3 =5 2

=3i— j—7k

Lbxd =32+ ()2 + (=7)? =59

(@—a).(b x d)
b x d|

Shortest Distance =

3 ‘(2—4}—21?).(32— }—71?)‘_|3+4+14|_ 21
V59 V59 | /59

3.6 SUMMARY

The unit, as the title suggests, is about three-dimensional geometry. In section
3.2, first, the concept of three dimensional space is illustrated. Then formula for
distance between two points in three-dimensional space, is derived. Then, the
concepts of direction cosines and direction ratios are explained. In section 3.3,
formulae for finding equations of a straight line are derived when (i) a point of the
line and a vector parallel to the required line are given and when (ii) a pair of
points is given. In section 3.4, formula for finding shortest distance between pair
of straight lines in three-dimensional space, is first derived and then is used in
solving problems.

Answers/Solutions to questions/problems/exercises given in various sections of
the unit are available in section 3.5.



