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1.0 INTRODUCTION

We begin by looking at some examples which exhibit some pattern.

1. Arrangement of seats in a conference hall. Each row (except the first)
contains, one seat more than the number of seats in the row ahead of it. See
the following figure.

3. The money in your account in different years when you deposit Rs. 10,000
and at the rate of 10% per annum compounded annually.

10000 11000 12100 13310

n=0 n=1 n=2 n=3
In this unit, we shall study sequences exhibiting some patterns as they grow.
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Algebra - 11

1.1 OBJECTIVES

After studying this unit, you will be able to :

e define an arithmetic progression, geometric progression and harmonic
progression;

e find the nth terms of an A.P., G.P., and H.P.;

e find the sum to n terms of an A.P. and G.P.;

e find sum of an infinite G.P.; and

e obtain sum of first n natural numbers, their squares and cubes.

1.2 ARITHMETIC PROGRESSION (A.P.)

An arithmetic progression is a sequence of terms such that the difference
between any term and the one immediately preceding it is a constant. This
difference is called the common difference.

For example, the sequences

() 3,7,11,1519..............

@)y 7,5 3,1 =l
3 1
@) 1, 2 T e
(iv) 2,2,2,2.iiiiiiiinnn,

are arithmetic progressions.
In (i) common difference is 4,
In (ii) common difference is -2,

In (iii) common difference is —%, and

In (iv) common difference is 0,

In general, an arithmetic progression (A.P.) is given by
a, atd, a+2d, a+3d....................

We call a as first term and d as the common difference.

The n™ term of the above A.P. is denoted by a,and is given by
a,=a+(n-1)d



Example 1 : Find the first term and the common difference of each of the
following arithmetic progressions.

() 7,11,15,19,23 . 0ceeevren...

wl N
N U1

W[ =
[ NCY

) ) )

N =

(iD)

(i) a+2b,a+b,a,a—b,a—2b,.............

Solution : First term Common difference
(i) 7 4
. 1 1
ii = =
(i) 3 3
(i) a+2b -b

Example 2 : Find the 18", 23" and n™ terms of the arithmetic progression.

=11, -9, =7, =5

Solution: Herea=—-11,andd = -9+ 11 =2
Thus,
a;g = a+(18-1)d
= —11+ (17) (2)
= =11+ 34=23;
a+(23-1)d

—11 +(22) (2)

—11 + 44= 33; and
a+(n-21d
-11(n—-1) (2)

=—11+2n—-2=2n-13

do3

an

Difference of two Terms of an A.P.

Let the A.P. be

a,a+d, a+2d, a+3d

we have

ar— as =[a+(r-1)d]-[a+(s-1)d]
= a+ rd—d-[a+sd-d]
za+rd-d-a-sd+d
= (r—s)d

Soara = (r—s)d

Sequence and Series



Algebra - 11 Example 3 : Which term of the A.P. 3, 15,27,39, ........... will be 132 more than
its 54" term ?

Solution: Common difference of the given A.P. is 12.
If nth term is the required term, then

a,—ass = 132

—  (n—54)(12) =132

— n—54:g:11
12

= n =54+ 11=65
Thus, the 65" term of the A.P. is 132 more than the 54" term.

Example 4 : If pth term of an A.P. is q and its gth term is p, show that its rth term
is p+q—r. What is its (p + g)th term ?

Solution : If d is the common difference of the A.P., then
ap—ag=(p—q)d

= gq-p=(p-q)

—d=92P-_4
p-q
Now,
a—a = (r—p)d=(r—p)(-1)
=a, =a-r+p
=q-r+p=p+q-r
SoApg=p+tq-(p+q)=0 [putr=p+q]

Example 5 : If m times the mth term of an A.P. is n times its nth term, show that
the (m+n)th term of the A.P. is 0.

Solution : We are given that ma, =n a,

= mla+ (m-=1)d] =n[a+(n-=21)d]

— mla+md—d] =n[a+nd-—d]

= m [a + md] = n[a + nd] where a = a—d

— m o+ m’d =na+nd = M=—n)a + m°— n)d=0
= mM-=na+(M+n)d]=0 = a+M+n)d=0

= a+(m+n-1)d=0 [va=a—d]

Left hand side is nothing but the (m + n)th term of the A.P.



Check Your Progress 1 Sequence and Series

Find the common difference and write next four terms of the A.P. (1 -5)

1816, d1, 6, 14| THE 1

2. BSelidh... | LINIVEE

g Lozl odnxloontl
n n n n

4, m=1I,m-=-2,m—=3,M—=4. ...

5. V3,27, VA8,

6. If a, denotes the rth term of an AP., show that

Qprq+ Bpq = 28
) 2 5 )
7. Find k so that 5 -k, k § —k consecutive are three terms of an A.P.

8. Which term of the sequence
3

1 2
17,16 §,15 5,14 Rt ...1s the first negative term.

9. The fourth term of an arithmetic progression is equal to 3 times the first term
and the seventh term exceeds twice the third term by 1. Find its first term and
the common difference.

10. If (p + 1)th term of an arithmetic progression is twice the (q+1)th term, show
that (3p+1)th term is twice the (p+qg+1)th term.

11. If 7 times the 7™ term of an arithmetic progression is equal to 11 times its
11" term, show that the 18™ term of an arithmetic progression is zero.

1.3 FORMULA FOR SUM TO N TERMS OF AN AP

Let

S =at+(atd) +(a+2d) +......... +(a+ n—2 d)+(a+(n-1d) 1)
Writing the expression in the reverse order, we get
S=(@+n-1d)+(a+n-2d+ ..+(a+d +a )
Adding (1) and (2) vertically, we get

2S=[2a+(n-1)d] +[2a+ (n—21)d] + .......... +[2a + (n —1)d]
N— g
——

n expressions



Algebra - 11 25= n[2a+(n-1)d]

= S :2 2a+(n—1)d

Alternative form for the Sum Formula

S= g{a+a+(n— 1)d}

n

S—Z{a+l}

where | =a + (n— 1)d is the last term of the AP
Solved Examples

Example 6 : Find the sum of first 100 natural numbers.

Solution : Herea=1,d =1 and n = 100.
Using

s B g [2a + (n - 1)d]

we get

S0 = ? [2(1) + (100 — 1)(1)] = 50(101) = 5050

Example 7 :  Find the sum of 23 terms and n terms of the A.P.
16, 11,6, 1...............

Solution : Herea=16, a+ d=11 Therefore d=-5

Since S, = % [2a+a+ (n—1)d] we get
Sys= % [2(16) + (23 - 1)(-5)] = ? (32 -110)

= ? (- 78)=—23x39=— 897.

10



Also sn=% [2(16) + (Nn—1)(=5)] = g [32—5n + 5]= g [37—5n]

Example 9 : How many terms of the A.P. 1,4,7,........ must be taken so that the
sum may be 715 ?

Solution: Herea=1,d=3and S, =715.
Using S - % [2a+ (n—1)d], we get 715- g 2(1) + (n—1)3)]

:»715:2 (Bn+1) = 3n’+ n-1430=0,

This is a quadratic equation in n. Its discriminant is positive. We can use the
quadratic formula to obtain

_ 1+ 1+(4)(3)1430) 1+ V17161 _1+131 _,, 65

6 6 6 ™

As — 65/3 is a negative fraction, the number of terms cannot be equal to — 65/3
Thus n = 22.

Example 10: Ifinan A.P. a =2 and the sum of first five terms is one—fourth of

the sum of the next five terms, show that a;g = —112.

Solution : Herea=2

We are given that sum of the first five terms is one—fourth of the next five terms.

Think of the A.P. as
a,a+d a+2d,a+3d,...........

The sum of the first five terms is
at(@+d)+(@a+2d)+(@+3d)+(@+4d)=Ss
and the sum of the next five terms is
(a+5d)+ (a+6d) (a+ 7d) +(a+ 8d) + (a + 9d).
Note that this expression equals Sio — Ss,

According to the give condition
1
Sy = Z(Slo —S5) =4S, —S; or 55, =S,
(Slo — 85) = 0or5Ss5- Sy

=5[%(2a+9d)}

Sequence and Series
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Algebra - 11
=5[?(2a+9d)}

=5ha+10d=2a+9d =d=-3a

Now, ago=a+ (20— 1)d =a +19d =a +19(— 3a) =a - 57a = — 56a
=(-56) (2) =-112.

Example 11 : If sum of the p™, g™ and r™ terms of an AP are a, b, ¢ respectively,
show that

(q—r)%+(r—p) % +p-9f=0 @

Solution : Let the first term of the AP be A and the common difference be D.
We are given :
a=$,= 2 [2A+ (p-1)D] ¥
b:Sq:%[2A+(q—1)D] 3)
c=§ = % [2A + (r— 1)D] 4)

Form (2), (3) and (4), we get

2_; = (2A- D) +pD (@)
%b = (2A-D) +qD (5)
2

== (2A-D) +rD (6)

Multiplying (4) by g—r, (5) r—p and (6) by p— q, we get

2-1) 2 +2(r—p) 2+ 2(p-q) &
p q r

=(@A-D)a- rn+p(@@-nD
+(2A-D)(r-p)+q(r-p)D
+(2A-D)(p-q)+ r(p—q)D
=(A-D{g-r+r-p+p-q}
+(pg—pr+qr— gp+rp- rg)D

= (2A- D)(0) + (0)D =0

12



Dividing both the sides by 2 we get (1). Sequence and Series

Example 12: If the sum of the first n terms of an A.P. is given by S, = 2n” + 5n,
Find the nth term of the A.P.

Solution:  We shall use the formula

an=Sn—Sn1 vn>1,

Where S, =0

soay =2n°+5n—[2(n—1)*+5(n—1)]
=2n*+5n-[2(n*—2n + 1)+ 5n— 5]
=2n°+5n-2n*+4n-2-5n+5
=4n+3

Thus, nth term of the A.P. is 4n + 3

Example 13 : Find the sum of all integers between 100 and 1000 which are
divisible by 9.

Solution : The first integer greater than 100 and divisible by 9 is 108 and the
integer just smaller than 1000 and divisible by 9 is 999. Thus, we
have to find the sum of the series.

108 + 117 + 126+ ............. +999.

Heret; =a=108,d =9and | =999

Let n be the total number of terms in the series be n. Then

999=108+9(n-1) =111=12+ (n—1) = n=100

Hence, the required sum = % @a+lh= 12—0 (108 + 999)
=50 (1107) = 55350.

Example 14 : The interior angels of a convex polygon are in A.P. If the smallest
angle is 120° and the common difference is 5°, show that there are
9 sides in the polygon.

Solution : We know that the sum of the interior angles of a convex polygon is
(n—2)(180% We are given that a = 120° and d = 5°.

% [2(120) + (n -1)(5)] = (n — 2)(180)

13
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14

= n[48+(-1]1=(n-2)(72) > n*-25n+144=0
= (h-9)(n-16)=0=>n=9, 16.

But when n = 16, the greatest angle is equal to
a+(16—1)d =120° + 15 x 5° = 195°
Which is not possible as in this case one of the interior angle becomes

180°.
[interior angles are 120°, 125°,............. 175, 180°, 185°, 190°, 1957
Thus n=9.

Check Your Progress — 2

In questions 1 to 3, find the sum of indicated number of terms.

1. 1,357, ccvvennnn... ;100 terms, 200 terms
2. 0.9,091,092,093............. , 20 terms n terms.
m—1m—-2 m-3
3. , , vee vee s wne ) 10 terms, n terms
m m m

4. If the first term of an A.P. is 22, the common difference is — 4, and the sum to
n terms is 64, Find n. Explain the double answer.

5. If sum of p terms of an A.P. is 3p®+4p, find its nth term.

6. Find the sum of all three digit numbers which leaves remainder (1) when
divided by 4.

1.4 GEOMETRIC PROGRESSION (G.P.)

Suppose a ball always rebounds exactly 70 per cent of the distance it falls. For
instance, if this ball falls from a height of 100 units, then it will rebound exactly
70 units. As a result the second fall will be from a height of 70 units. See Fig. 1

Now the ball will rebound exactly (0.7) (70) = 49 units

And so, on. -

100 units

70 units
49 units




Figure 1

The following table gives the distance through which the ball bounces in the first
5 falls.

Number of fall Ist fall 2" fall 3 fall 4" fall 51 fall

Distance of fall 100 100 (0.7) | 100 (0.7)> | 100 (0.7)* | 100 (0.7)*

If you look carefully you will find that each term in sequence

100, 100 (0.7), 100 (0.7)%, 100 (0.7)%, ........... (except the first) is obtained by
multiplying the previous term by a fixed constant 0.7.

Such a sequence is called geometric sequence or geometric progression or
briefly, G.P. In other words, a geometric sequence or geometric progression is a
sequence in which each term, except the first, is obtained by multiplying the term
immediately preceding it by a fixed, non-zero number. The fixed number is
called the common ratio.

Definition : A sequence aj, ay, ........... Any ovene is called a geometric
progression (G.P.). If there exists a constant r, such that

d+1 = lag vV k€N.
Thus, a geometric progression (G.P.) looks as follows :
a,ar, ar’, ar’, .........

where a is called the first term of G.P. and r is called as the
common ratio of the G.P.

The nth term of the G.P., is given by
a,= ar" *

Some other examples of GPs are

1. 0.1, 0.01, 0.001, 0.0001....(0.1)"................

2. 2,4,6,8, 16,.............. L2
3 1 1 1 1 ( 1)"
3’ 9 27 81 N 3

Sequence and Series
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4. ,
V3,

Ratio of two terms of G.P.

1,v/3,3,3V3, ...... 3m-2/2 L

Let the G.P. be

a, ar,ar,..................
Now,
n—1
ﬁ_ ar — rn—l—m+1 = pn-m
a, arm1!
an
Thus, — = rnm
am

Solved Examples

Example 15: Find r and the next four terms of the G.P.

11
-3, 1,—5,5,
Solution: Herea=-3,ar=1
So that
ar 1 1
r = ; = _—3 = - §

The next four terms of G.P. are

=ar=(3)(-3)= -2
s =4 =\g)\73)7 727

1
Qg = asr = — oo
~aer=(57) (-3) = -5
47 =" =\g1)\"3) T " 243

1 1 1
and a5 =ar=(-72)(-3)= - 7

Example 16 : Determine the 12" term of a G.P. whose 8" term is 192 and the
common ratio is 2.

Solution : We have

a2 _
— p12-8 — 4 — 24
ag

= A = a8(24) = 192 X 16 = 3072

Example 17 : Three numbers are in A.P. and their sum is 15. If 1, 3, 9 be added
to them respectively, they form a G.P. find the numbers.

16



Solution : Let the three numbers in AP be a—d, a, a + d. we are given
(a-d+a+(a+d)=15= 3a=150ra=5

According to the given conditiona—-d+1,a+3anda+d+9arein GP

a+3 a+d+9

a—-d+1  a+3

= (a+3)2=(@ad+1)(@a+d+9) =>(5+3)?=(5-d+1)(5+d+9)
= 64 =(6—d)(14 +d) = 64 =84 —8d — d*

= d?+8d-20=0> (d+10)(d—2)= 0=>d= —100rd =2
If d =-10, the numbers are 15, 5, -5.

If d = 2, the numbers are 3, 5, 7.

Thus, the numbers are 15, 5,-5,0r 3, 5, 7.

Check Your Progress - 3

For question 1 to 3 find the common ratio of each of the following G.P.

1 211 !
2 e P

11

A | e o
3°9

3. 3,6,12,24..............

For questions 4 to 6, find the nth term of the GP.
4. 128,-96,72.........

5. 100, -110, 121................

6. 3,33,3.63...ccccininnn.

7. Determine the 18" term of the GP whose 5" term is 1 and common ratio is

2/3.

8. The 5™ 8" and 11" terms of a GP are a,b, ¢ respectively. Show that a, b, c are

in GP.

1.5 SUMTOnNn TERMS OF a G.P.

We wish to find the sum of first n terms of the GP whose first term is a and the

common ratio r.

Sequence and Series
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Let us denote the sum of first n terms by S, that is,
Sp=a+ar+ar’+ ......... +ar™?

Let us multiply both sides of this equation by r. We write the results of this

operation below the original equation and line up vertically the terms of the same

exponent (to prepare for a subtraction).
— 2 n-2 n-1
n=a+ar+ar + ... +ar “+ar (D)
rSpy=ar+ar’ +ar*+ ............a™ > +ar" " ar (2)

Now subtract both the sides of lower equation [equation (2)] from the upper
equation [equation (1)].

Most of the summands on the right side cancel. All that is left is the equation.
Sh=a—ar" =(-r)Sy=al-r")

a(l-rm
1-r

Now, if r # Ithen Sp=

a(l-r™

Thus, the sum to nterms of a GP is Sy = , F£1

Clearly S, =nawherer = 1.
Example 18 : Find the sum to 20 terms of a GP 128, - 96, 72, -54,..........
Solution

Here a = 128, ar = —96, therefore, r =-96/128 = — 3/4.

Now that r # 1. Therefore,

B - (]

_ 128(4%% - 320 (4> _25(4%° =3209(2%) _ 4*0-3%
= 420 7 - 240(7) 1 (232)(7)

Example 19 : How many terms of the GP v/3, 3, 33, ... Add upto 39 + 13+/3.
Solution : Herea = /3, ar = 3, so that r =+/3.

Let 39 + 13 /3 be the sum to n terms of the given GP, that is,

Sn=39+13+3
n_ V3)[(v3) -1
= WD 51343 :>( )03 1]
r—1 V3-1

= 13V3(V3+1)



= 372 =1+13(3-1)=1+26=27=3% =n/2=3 orn=6. Sequence and Series

Thus, 6 terms of V3, 3,33 ... ... ...

are required to obtain a sum of 39+ 13 +/13.
Example 20 : Find the sum to n terms of the series9 + 99 +999 + ..............

Solution : Note that we can write
9=10-1,99=100-1=10°-1,999 = 10°- 1, etc.
The sum to n terms of the series can be written as
S=(10-1) + (10>~ 1) + (10°~ 1) + ...+(10"-1)

10(10™ - 1)

e 2 cee Tl_ ==
(10 + 10 +---.+10™)-n 0= 1

10
= — (10" — 1)<n
9

Three Terms in GP

Three terms in GP whose product is given are taken as

a
—,a,ar
T

Example 21 : If sum of three numbers in GP is 38 and their product is 1728, find
the numbers.

Solution : Let the three number be a/r, a, ar

a
Then, 3 + a+ar =38 (D

a j—
and (;) (a)(ar) =1728 (2)
We can write (2) as a®=1728 = 12° =a = 12.
Putting a =12 in (1), we get % + 12 + 12r =38

L2126 13
r S nE e on mlE 6

= 6(r*+1)=13r =61 ~13r+6=0 =6 - 9r—4r+6=0

= 3r2r-3)-2(2r-3)=0= Br—2)(2r-3)=0 = r=2/3 or 3/2.

Wh = 12 and —2 ¢_ 12—18 =12 —12(2>—8
en a = an r—3, rT 23 ,a=12,ar = 3) =8

19
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When 0L=12andr=E a_ i:
2’ r  3/2

Hence, the numbers are either 18, 12, 8 or 8, 12, 18.

Sum of the Infinite Number of a G.P.

If —1< r <1, then sum of the infinite G.P.

a+ ar + ar®+ -

a
1-—r

is

Example 22: Find the sum of the infinite G.P.
1,-1/3,1/9, =127 ..o
Solution: Herea=1,r=-1/3

Thus, sum of the infinite G.P. is

a a

-r -y

3
8,a=12,ar =12 (—) = 8.

2

3
4

Example 23 : The common ratio of a GP is —4/5 and the sum to infinity is 80/9.

Find the first term of the GP.

Solution : Here r = —4/5
We are given
a _80
1—-r 9
80 80 4
Sag=—(1-7"= —|1-(-
a=5 A= 9[1 (5)]
-0 216
=3 c =

Thus, first term of the G.P. is 16.

Check Your Progress — 4

1. Find the sum of 10 terms and n terms of the G.P.

O|

12
l31

Mes mEs san o mEs wEs o man wEs saw o wEsowoE)

2. Find the sum of 12 terms and n terms of the G.P



Sequence and Series
3. Find the sum to n terms of the series

S5+55+555+ ...
4. Find the sum to n terms of the series

0.6+066+0.666+ ..c.covveiieinii,
5. Show that

1. 1

H_/

91 times
is not a prime number.

6. The sum of three numbers in G.P. is 31 and sum of their squares is 651. Find
the numbers.

7. Find the of the infinite G.P.

8. Find the sum of an infinite G.P. whose first term is 28 and the fourth term is
4/99.

16 ARITHEMETIC - GEOMETRIC PROGRESSION
(A.G.P)

A sequence is said to be arithmetic geometric sequence if the nth term of the
sequence is obtained by multiplying the nth term of A.P. and a G.P.

Thus, A.G.P. is given by

ab, (a+d)br, (@a+2d) br.................

nth term of the A. G. P.is givenby a, = (a + n — 1)br™?!
Sum to n terms of the A.G.P. is given by

ab s bdr(1—r""1) [a+ (n—1)d]br"
1-7r 1-rz 1-7r ’

S, = r #1

Ifr = 1,thenSn = b =[2a + (n-1)d]

NS

Sum of Infinite terms of A.G.P

If|r| <1, ¥ 1> 0,r">0,nr" >0

21



Algebra - 11 As n— o the sum of infinite A.G.P. is

o ab n bdr

1-r (1-1)2

22



Example 23: Find the sum to n terms of the series. Sequence and Series

Solution : Herea=1,d=3,b=1,r=1/5

n

v 3®n-0)"1 nra-ven@)

= + -
"o1-1/5 1 1-1/5
(1-3)

) S a)

15 15 3n—2] (1>"‘1

| v

INRT

Tl 2 I\5

_ 35 12n+7 (1)”_1

16 16 \5

Example 24: Find the sum to infinite number of terms of A.G. P.

3+5(14)+7 G)Z+ 9(%)3+

Solution: Herea=3,d=2,b=1,r=1/4

a dr
Thus, S = +

1-r (1A-r)?

s o
AN}

Check Your Progress 5

For Question 1- 2 : Find the sum to n terms of the A.G.P.

13 4oL 20y
: Tttt

2. 1+4+3x+5x2+7x3+ X#£1

3. Find the sum of the inifinite number of terms of the A.G. P.

1+5x+9x% +13x3+

23
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1.7 HARMONIC PROGRESSION (H.P.)

Asequence a; 82 83................ of non-zero numbers is said to a harmonic
progression (H.P.) if

1 1 1

T T e e e e
a; a, as

forms an A.P.

Example 25 : Find the 10" term of the H.P.

111 1
S S

Solution : We find the 10" term of the A.P. 3,7, 11, 15.............

ao=3 + (10 — 1)(4) = 39

1
Thus, tenth term of the H.P. is 39

1.8 SUM OF FIRST n NATRUAL NUMBERS THEIR
SQUARES AND CUBES

The sequence of natural numbers

We now consider an alternative way of obtaining the sum of first n natural
numbers.

Sum of Squares of first n natural Numbers*
(r+1)2%-(r—-12%=4r
By letting r=1,2,3, ............... ,(n=2), (n—1), n successively, we obtain
22 —0%2=4(0);
32 —12=4(2);

42 — 22=4(3);
52 — 32= 4(4);

*  We could also have started with identity (r + 1) — r* = 2r +1



(n—1)2—-(n-3)2=4(n-2);
n?— n-2)22=4mn-1);

n+1)?=- (n—1)2%=4(n);

When we add the above identities, we find that all terms except (n + 1)? n?,—

and —07? cancel out from the LHS and we obtain

m+1D?+n?—1 -0=41+2+3+.......... +n)

But(n+1)*+n?—1=n* 4+ 2n+1+n> - 1=2n*+ 2n=2n(2n+1)

Therefore, 2n (n+1)=4 (1 +2+3 +........ +n)
= 1+2+43+ +n=-n(n+1)

Sum of Square of First n Natural Numbers
In this case we begin with the identity
r+1)3-(r-13-6r*+2
Lettingr=1,2,34,........ (n-2), (n-1), n we obtain
2% —0%= 6 (1) +2
32 —13=6 (22) + 2
4% —23=6(32) + 2

53 — 3326 (42) + 2

m—13-(m-3)3=6(n—-2)%+2
n— m—-2)3=6(n—-1)>2+ 2
m+1)3— (n—-1)3=6(M)?*+ 2

Adding, we obtain
m+1)3+n3-13-03=6(1%2+ 22+ ....4+n?) +2n
= 6(12+ 22+ ....+n® )=+ 13+ n3—-1-2n
But m+1)3+n3—1-2n=n3+ 3n?+3n+1+n3-1-2n
=2n3+ 3n°+n=n2n’+ 3n+1) = n(n+1)(2n+1).
Thus, 6(12+ 2%+ ............. +n?)=n(n+1)(2n+1)

= 124224+ . +n?_=n (n+1)2n +1)

Sequence and Series
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Sum of Cubes of First n Natural Numbers
In this case, we begin with the identity
(r+1D* (r—1)*-8r3+38

Letting r = 1,2.3,4,........ (n-2), (n-1), n, successively, we obtain
2% —0%= 8 (13) +8(1)
3* —1%=8(23) + 8(2)
4* - 2*=8(3%) + 8(3)

mn—D*-m-3)* = 8n-2)3+8(n-2)
n*— (n—2)* =8n—-1>3+8(n-1)
m+D*— (n—1D* = 8n)3+8(n)

Adding, we obtain
m+D*+n*—1*-0*=8(13+ 23+3% ....+n3) +8(1 + 2+ 3+..+n)
But (1+2+3+......4n=-n(n+1).
Thus (n+ 1)*+n*—1=8(13+ 234+ 3% ....4+n) +4n(n + 1)

=813+ 22+ 3B+..n) =(n+1)*+n*-1-4n(n+1)
But (n+1)*+ n*— 1—-4n(n+1)

= n*+4an¥+6n°+ dn+1+ n*— 1+4n*— 4n

= 2n*+ a3 +2n =2n (n’+ 2n+1) =2n%(n+1)>2
Thus, 8(13+ 23+ 23 + ..+ n®) =2n%(n+ 1)?

= 13+ 23+..... +n3:in2 (n+ 1)?

In sigma notation the above three identities read as

n
1
Zk = En(n+1),

S

1
k? = gn(n +1)(2n+1)

1
and Zk3= an(n+1)2



Example 26 : Find the sum of the following series Sequence and Series
12432+ 52+ ..+(2n—-1)?
Solution : Let t, denote the rth term of 12+ 32 + 52 + ... +(2n — 1)2, then

tr=Q2r—1)2=4r*-4r+1
Thus

n

itr: Zn: (4r2—4r+1)=4zn: r2-4 Zn: r+> 1
r=1 r r=1 r=1 r=1

=1

But Y ri= % n(n+1)@2n+1), > r :§ n(n+1)and » 1=n,
r=1

r=1 r=1

Therefore, Zn: t= 4{% nn+1)(2Zn+ 1)} —4{ % n(n+1)}+ n

:gn(n+1)(2n+1)—2n(n+1)+n.

We now take % n common from each on the right side, so that

" t=2n[2(n+ @0 + 1) -6(n + 1)+ 3)]

r=1

== n[2(2n*+2n +n + 1) (6n + 6) + 3]

== n[(4n°+ 6n + 2 6n -6 + 3) = =n(4n’— 1)

Example 27 : Find the sum of the series
WY+ B)+B) (@) +.......... upto n terms
Solution : Let t, denote the r'" term of the given series, then

tr=(r) (r+1)?=r (r2+2r+1) =r3 + 2r2+r

Thus, Y t, = Zn: (r342r2 +r) = i r3+2i r? +Zn: r=1

r=1 r=1 r=1 r=1

= 2n?(n +1)? + 2{z n(n+1)(2n+1)} + >n(n+1)

—n?(n+ 1)+ n(n+1)(2n+1) +-n(n+1)

—n(n+1) [3n(n+1) +4(2n+1) + 6]

—n(n+1) [3n?+3n+8n+4+6]= —n(n+1)(3n?+ 11n +10)

%n(n +1)(3n%?+ 6n+5n+10) = %n(n + D[Bn(n+2)+ 5(n+2)]

1—12n(n + 1) (n+2)(3n + 5). )
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Check Your Progress 6

11
1. Find the nth term of the H. P.2—,7 —,

2. 22+4%2+ 6%+ ... +(2n)?
3. 123 +234+345+......... upto n terms

4, 1.3.5+357+579+....... upto n terms

1.9 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — 1

1. d=11-16=-5
Next four terms are

—4,-9,-14,-19
2. d=5-2=3
Next four terms are
17, 26, 23, 26
3 g=21*1_ 1_,,1 1_,
n n n n

Next four terms are

6n+1+2
n n

6n+1 6n+1 6n+1

+2 +2, +3(2), +4(2)

or 8n+1 10n+1 12n+1 14n+1

n n n n

4. d=(m-2)-(m-1)= -1
next four terms are
m-5 m-6, m—7, m8

5. The given A.P, is

~d=43

Next four terms are



10.

We have a;, = a(r — 1)d, so that
Qprqtap g =a+(P+tog-1)+a+(p-g-1)d
=2a+(p+q-1+p-g-1)d
=2a+2(p-1)d=2ap

Kk (2 k)—(S k) k
3 ~\8

— 2k-2/3=5/8 - 2k

— 4k = 2/3 +5/8 = 31/24

= k=31/96

d=161_17=_ %
5 5

Let nth term be the first negative term we have

ap,=a+(n-1)d=17(n—-1) (—%J<O

= 17<(n—1)(£):n—1>—
5 4

n >(@):221
4 4

Thus, first negative is the 23" term.

=3
= a+3d=3a
— 3d=2a Q)

Also, a; —2a3 =1

= a+6d-2a+2d]=1

= a+6d-2a-4d=1

= -a +2d=1 (i)

Putting d=2a/3 (from (i)) in (ii), we get

—at—=122 =1=q=3
3 3

From (i),3d =2(3) => d=2

ap+1:23-q+1
= a+(p +1-1d=2[a+((g+1)-1)d]
= a+ pd=2[a+qd]

Sequence and Series
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= a=(p-2qd

Now, az+ =a+(3p+1-1)d
=a +3pd = (p—2qg)d + 3pd
=(4p-20)d =2(2p-q)d
and apsgrs = a+(p+tq+1l-1)d
= (p-2g9)d+(p+q)
= (p—-29+p+q)
= (2p-q)d
Thus, asps1 = 28p+g+1
11. fTa; = 1llap
= 7[a + 6d] = 11[a + 10d]
= 7Ta+42d=11a+110d
= 4a+68d=0 = a+17d=0
= a;g=0

Check Your Progress 2

1. Herea=1,d=2

S100

S200

= % [2a + (100 — 1)d]

= 50 [2(1) + (99)2] = (50)(200)

= 10,000

= % [2a + (200 — 1)d]

= 100 [2(1) + (200 — 1)2] = (100)(400)

= 40,000

2. a=0.9,d=0.01

S0

Sn

30

? [2a + (20— 1) d]

10 [2 (0.9) + (19) 0.01] = 19.9
= % [2a + (n— 1)d]
= % [2(0.9) + (n ~1)(0.01)]

= n (n + 179)/200




4.

Sequence and Series

S1o= % [2a +(10 — 1)d]

= 5[2<m_1)+9 (_—1>l

m m
=5(2m-11)/m
n _n| (m-1) (n-1(-1
Sn—§[2a+(n—1)]d—§[2 — + —
n n
—E[Zm—z—n+1]—%(2m—n—1)
a=22,d=-4

Sn=§[2a+(n—l)d] =§[2(22) + (n-1)(-4)].

n(4)
4 [11- n+1] = 2n(12-n)

Now, 2n (12 -n) =64

—  n’-12n+32=0

= (n-4)(n-8)=0

Double answer occurs as
as+ agtar+as
= 6+2-2-6=0
Sp=3p” +4p

an=Sn—Sn_1
= 3n*+4n-[3(n-1)* + 4(n -1)]
= 3n?+4n—[3n*—2n+1 +4n—4]
= 3n®+4n-[3n*- 6n+3 +4n — 4]
= 6n+1

The smallest 3 digit number which leaves remainder 1 when divided by 4 is
101 and the last 3 digit number with this property is 997. Let 997 be the nth
term of the A.P. then

997 =101+ (n—-1)(4) =n =225

Required sum =

NS

[a + ] =222 (101 +997) = 123525

31



Algebra - 11 Check Your Progress — 3

. 1 £
29
e rLEO
VERDITY 3
3 -—6—2
r—3—
. -9 3
128 4

: 110
100
a, =ar"'=100(-1.1)"*
NIVERSITY,
. or=—o =11
a, = r*1=3(1.1)"1
7 ag =ari® 1l =arl?
a; =ar>l =art=1
17
N % = gr = r13
‘as  art

8. a= as =AR*
= ag = AR’
and ¢ = a;; = AR
We haveZ: R%=>

= a,b,carein G.P.
Check Your Progress — 4

1. Herea=1, r=2/3

2 10
10 1_()
g _au-r) " \3 =3[1_(

SR
3

e 1-r  1-2/3



Lets,=5+55+555+.......... + upto n terms

=5[1+11+111+............. + upto n terms |
5

=§[9 + 99 + 999 + ..........+uptonterms |
5

= 5[(10— D+ (10,-1) + (103-1) + .o v oo+ (10n-1)]
5

= 5[0 + 10, + o 410, ]

_5[1000" -1 _ ]_5[1000"-1) .
9| 10-1 9| 10-1

Let Sp,=0.6+0.66+0.666+.................. + upto n terms

= 6[0.1+0.11+0.111+............. + upto n terms ]
6

=3 [0.9 + 0.99 + 0999 + ..........+uptonterms |
2

=2 [(1- 0.1 + (1- 0.01) + (1- 0.001) + oo (1= (0D)M)]
2

<as [n—{0.1+ (0.1)? + ceeeeeee..+ (0.1} ]
2

=3 [n—{0.1+ (0.1)%2+ ...ccecece... + (0.1)™}]

2 0.1 -(0.10)m™

- 3" 1-01
2 1

=5Mm-5@-0.1D"

w

Sequence and Series
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_ _1
A—Qll ............... lj _9K(99 .......... 9) y
Y Y
91 times 91 times
1
—_ 91 __
5 (107 1)

_ 109t -1 102 -1
T 10183 -1 10-1

[1+10.......... 104
= aisnot a prime number.

a
6. Letthree numbers in G. P. be oy a,ar
We have

a
—+ a4+ ar=31
r
a2
and F+ a’+ a*r? =651

Sa(r+-+1)=31
1
and a®(r?+ =+ 2—-1) =651
1
= a(r+——1)=31
T
12
and a* [(r+ ;) —1l=651

1
= a(r+;+1)=31

1 651
and a<r+ —+1)= —=21
r 31

Subtracting we get 2a =10 = a = 5.

1
Also, 5(r+ ;+1)=31

1 26
>r+—-=—>=r=35,
r 5

ul| =

Thus, numbers are

1,5 250r25, 51



7. S = - ==
7
8. a = 28 oY
a = 28, ar’ =5
L a4t 11
T T4 "8 73
=>r=1/7
s — 28 28x7 98
A P A

Check Your Progress — 5

1. Here,a=3,d=2,r=1/4
Thus

1 "
(2)(4){1_(4) }_ 3+(n-1)(2) (1/4)"

=1 i/4+ 2
2
4

3

88 2n+1]/1\""
a4 ¥ FN =
99 14

44 en+11(1)"
9 9 (4
2. Here, a=1,d=2, r=x Thus,

S. =

1 (Q@a-x"") (@+2n-1x"

"1-x (1-x)? 1-x

1 2X 2x"  (2n=D)x’

= + +
1-x (1-x)* (1-x)?

1-3x 2x"  (2n=-1x"
= + —
(1-x)? (1-x)? 1-x

3. Herea=1,d=4, r=x

Thus,
1 4x 1—x+44x

SET 2t a0 - a-n2

Sequence and Series
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Check Your Progress 6
LIS 1TV .. are in A.P.

a,=a+n—-1)d=2+mn-1)(5=5n-3

Thus, nth term of the H. P. is

5n—3
2. We have
2% + 2% e+ ()2
= 22[1%2+4 22+ ........2"]
nn+1)(2n+1 2
= 4 ( )6( )= §n(n+1)(2n+1)

3. Therthterm of 1.2.3.+23.4+3.4.5+ ....1s given by

t=r(r+)(r+2)=r(r>+r+2r+2)=r®+3r>+2r

n n n n n
Thus Ztr = Z(r3+ 3r2 + 2r) =Zr3+2r2+2 Zr
r=1 r=1 r=1 r=1 r=1

+ %nz(n + 1%+ 3 {{% nn+1)(2n+ 1)} + 2{%71(11 + 1)}}

1 1
= an(n + 1)? +3 nn+1)2n+1)+nn+1)

=%n(n+1)[n(n+1)+ 22n+ 1)+ 4] = %n(n+1)[n2+n+4n+2+4]

1 1
= Zn(n +1)(n%*+ 5n+ 6) = 7 nn+1n+2)(n+3)
4. The rth term of the series is given by

t, =Qr—-1DQ2r+1DQ2r+3)=8r3+12r3— 2r-3
Therefore, S, the sum to n terms of the series is given by

n n n
s, =8Zr3+ 1zzr2+ 82r—3n
r=1 r=1 r=1

o, [n(n+1) 2 nn+1)(2n+1) nn+1)
—B[T] + 12 c -2 5 g B
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=2n°n+ 1%+ 2n(n+1D)C2n+1)—-nn+1) - 3n

=n@2n3+ 4n’+ 2n+4n*’+ 6n+2—-n—1-13)

=n(2n3+8n?+7n-2)

1.10 SUMMARY

In this unit, the well-known concepts of arithmetic progression (A.P.), geometric
progression (G.P.), arithmetico-geometric progression (A.G.P.) and harmonic
progression as special cases of sequences of numbers, are discussed. First of all,
each of these concepts is defined. Then for each concept, through suitable
examples, methods for finding nth term and sum upto n terms are explained. A.P
is discussed in sections 1.2 and 1.3, G.P is discussed in sections 1.4 and 1.5,
A.G.P is discussed in section 1.6 and H.P. is discussed in section 1.7. The
derivation of formulae for the sum of natural numbers, their squares and cubes are
discussed in section 1.8.

Answers/Solutions to questions/problems/exercises given in various sections of
the unit are available in section 1.9.
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